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Abstract

Thermal pollutants include the waste heat chifrom atomic, nuclear and thermal power plants, Wi
adversely affect the aquatic environment. Coabifive nuclear fue-fired steam power plants are associated witt
problem of thermal pollution. The study of the effeof temperature on the existe of resource based pred:-
prey system is carried out in the paper using nmasttieal model. The study has been conducted comsglprey-
predator system in which the parameters like grawth, death rate, carrying capacity and interactioefficiens
are assumed to be the functions of temperaturehwitself is changing with time. In writing the mdda separat
dynamical equation for the temperature is suppleéetewith the equations for pr-predator system. In this pap
the effect of temperata is assumed to occur due to the natural reasmis & seasonal or climatic changes
also as a result of the hot water discharge froenitidlustries. The mathematical model to study ttects of
temperature on the existence of resource basewpredator species system is analyzed using stalii@gry for
two feasible equilibrium points. It is found thdtet first positive equilibrium state which is undeatwithout
diffusion may become stable by considering diffasand advection. On the baof this analysis, conditions f

survival or extinction of the prey and predator plations have been deriv:

Keywords: Mathematical model, thermal pollution, diffusiagvection, stability, prey and preda

Introduction

In nature, the dynamics of the population
governed by the environmental factors such
temperature, precipitation etc. Temperature is afine
important environmental factors and its variatisnvery
important ecologically. It has been observed ature
that the growth rate, carrying capacity and inteoac
coefficient depend on the variations of temperatartne
habitat. Thermal pollutants include the waste Hean
atomic, nuclear and thermal power plants, wi
adversely affect the aquatic \@mnment. Coal fired o
nuclear fueffired steam power plants are associated
the problem of thermal pollution. A plant operatiat
40% efficiency generates 16.7 joules of waste Hea
every 41.8 jouls of fuel burnt. The condenser cails
cooled with water from nearby river or lake a
discharged back to the later with its temperataised
by about 1€C in the process. This has obviously harn
effect on the aquatic life. It decreases DO (dig=
oxygen) of water and adversely affects aqulife. The
thermal pollution of water creates two major prote(i)
The activity of biological life is more at high
temperature and hence as temperature of water,
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there is more demand of dissolved oxygen and giithe
temperature of water riseshe amount of dissolve
oxygen in water decreases. Hence at higher temyper
less amount of dissolved oxygen will be presenater
and it may be fatal for aquatic life. The hottesttev Kills
some animals outright and the less hot water mag
affect the fauna. In this paper, therefore, a matheat:
model has been proposed to study the effec
temperature variations due to the hot water digmr
from industries on the dynamics of pred-prey
systems.

The study of the effects of temjature on the
existence of resource based prec-prey system is
carried out in the paper using mathematical motleé
study has been conducted considering -predator
system in which the parameters like growth rateth
rate, carrying capacity andtamaction coefficients ai
assumed to be the functions of temperature whisgif
is changing with time. The growth rate and carry
capacity of prey population is considered as aeadesing
function of temperature and the death rate of goeda
be an increasing function of the temperature. -
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predation rate is considered to be a decreasingtifum

of temperature. The growth rate of prey species is
assumed to be an increasing function of aquatitt pla
biomass. In the mathematical model, a separate
dynamical dynamical equation for the temperature is
supplemented with the equations for prey-predator
system. The mathematical model to study the effett
temperature on the existence of resource based prey
predator species system is analyzed using stability
theory. In this paper, the effect of temperaturassumed

to occur due to the natural reasons such as sdasona
climatic changes and also as a result of the hdaemwa
discharge from the industries.

M athematical M odél

The mathematical model is given by the following
system of non linear partial differential equatidnsa
linear habitat0 < x < a,

W — ry(N,T)H ~ s"” —a(TPH - u; 2+ p, 22 (2.1)
P _ ap

= = ~T2(DP + a,a(T)PH — yP* - uza— +Dy5 (2.2)
W — N — mN* — a;NH —uz 2+ D, 2 (2.3)
ar 2T

5=Q—al—T)+Dy o5 (2.4)

With the initial conditions which are given as tolls:
H(x,0) = fi(x) 20, P(x,0) = f,(x) = 0,
N(x, 0) = f3(x) = OIT(ZP 0) = f4(x) =0

The model is associated with the following boundary
conditions:

H=H", P=P", N=N*, T=T" at x=0,a.

The model may be associated with the no flux bonnda
conditions also. For the analysis, we consider-

T'l(N, T) =T10 + rllN - rzzT » kl(T) = klO - kllT
(T) =130+ 12T ,  a(l) =ag—ay;T;

WhereH=Prey densityP = Predator density\l = Plant
biomass(resourceforherbivorésTemperature,

r,(N,T) =Intrinsic Growth rate of prey population,
7, (T) = Death rate of predator
populationk, (T) =Carrying capacity oH or maximum
population that the environment can sustgissPositive
parameter which measures the population response to
the environmental stresfT) =Predation ratg,=
Intraspecific interaction coefficient of predator
population (crowding effecty = Natural growth rate of
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N, m = Depletion rate ofN because of intraspecific
competition (crowding effeci}; =Biomass conversion
coefficient Q0 < a; < 1),a, = Depletion rate ofN
because of consumption by prey
populationy;=Advection  (Convection)  coefficient,
wherei=1,2,3,=Diffusion (dispersal) coefficient, where
i=1,2,3,& =Constant, usually referred as the coefficient
of surface heat transfé&p, = Average temperature ofthe
environmenty, =Input rate of hot water from
industries.And

110,720, 11, 22, Qo Q11 K10, k10, v, oM, @y, @ and a are

all positive constants.

MATHEMATICAL MODEL WITHOUT DIFFUSION AND
ADVECTION

In case of no diffusion the mathematical model is
given by the following system of ordinary
differential equations:

P = r (N, DH - 25— a(T)PH (3.1)
2 = —1,(T)P + a;a(T)PH — yP? (3.2)
d_"’ = uN — mN? — a,NH (3.3)
T =Qo —aT-T,) (3.4)

UNIFORM EQUILIBRIUM POINTS

The uniform equilibrium points of the model are
obtained as follows:

Thefirst equilibrium point E;(H,P,N,T) is given by-
= T‘10+T11£—7'22

WhereP =0, H = W > 0, provided

N Z10)

u
Tio + rn > rzzT

Qo+aTy
_a .

N=”‘;ﬂ>0providedu>azﬁ, T =

The second equilibrium point E,(H,P,N,T) is given
ra(T)+yP

by-HereT =T, N=N ,H = > 0 and
aa(T)
- T10+T11%—TZZT—A;2[£2)
P = e —12°> 0 Provided
_ala(’T)+a(T)
u = r2(T)
1”10 + 7‘11 ; > rzzT + A ala(T")
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LINEAR STABILITY ANALYSIS

The local stability analysis of the equilibrium pts can

be studied from the variational matrix of the
mathematical model given by (3.1) to (3.4) as folo
q 52
H —\— = o H
-0 U niH -rpoH - 8(2) ki1
L M ky(T)
Vi =l 0 -nff)+amalF o 0
roN 0 -mN 0
0 0 0 -a

The characteristics equationigfis given as

V-l =0

After the simplification by mathematica-5 it wasufal

that the equilibrium pointE is not locally stable as the

condition ()< —r,a; IS not possible. For the linear

stability analysis of the equilibrium poiB, linearize the
system (3.1) to (3.4) using the following transfations
or perturbations-

H=H+n1,P=ﬁ+n2,
N=N+Tl3,T=T+n4 .

Neglecting the higher powers and the products ef th
perturbations, the linearized system is given by-

dn soH H
= T nm™ AT Hng + 1y fing - {rzzH *
Soﬁz
2@ alPH}n4 (5.2)
4 5 _ ~
2 = ()P, = vPn — (P + s P,

(5.2)
d - ~
% = _a2Nn1 - mNn3

(5.3)
d

(5.4)

Consider the Liapunov functionas:

X = %(n% + An3 + AnZ + Azn2) where A; > 0Vi=
1,2,3 are arbitrary constants (5.5).
Differentiating (5.5) w. r.t“t” and using (5.1) to (5.4) in

— , we get-
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i nl{ k @ )nl —a(T)Hn2 + 1 Hng —

(rzzH + 2( ) - alﬁﬁ) n4} +A1n2{a1a(T)Pn1 -

}/Pnz (rzzp + alallﬁﬁ)n4} + A2n3(—a2i\7n1 -
mNng ) + Asn,(—any,) (5.6)
Now using the inequality a® + b*> > +2ab in the
R.H.S. expression o?ﬁ given above we get-
; < (51n1 + Sznz + 53713 + 547’14)

(5.7)

Here, % is negative definite only whers; > 0,Vi =

1,2,3,4 .Therefore, we find that the equilibrium pdint
is locally asymptotically stable under the condito
given below:

S;>0,Vi=12345 .

(5.8)

Where,

_ { sof | aPH _ a(H nH 152 soH? kyn
17 () 2 2 2 2 K2(T) 2
Altxla(T)P AzO{zN}

2 2
S =4 ( p_ aa(M)P r22ﬁ+a1a1113ﬁ)

1\Y 2 2
S, =mNA, — “1” - &2 (5.9)
ChooseA, = % , set the conditio@mN > a, N
—u2

54 =A36(—

alﬁFI soH? 288 rzzﬁAl Ajara(T)P
2 K2(T) 2 2 2

NON LINEAR STABILITY ANALYSIS
For non-linear stability analysis of equilibriumipb
E,let us consider the following regi@ngiven by-

Lemma 6A: The system (3.1)-(3.4)
bounded in the regioh.

is uniformly

A= {(H,P,N,T):0<P<PY“LO0O<H'<HO<TSZ
T% 0 < N < N¥}
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Theorem 6B: If the following conditions are satisfied
then the equilibrium point E, is nonlinearly
asymptotically stable.

m_so_ (w)z
3 k1 (T) 2

l
soH'k
T3 0 11 alpu

k41 (T)

a s,
3 k(1)

N | =)

2ya > (1y; + aya;.HY?
6.7)

Stability Analysis of the Model with Diffusion

(Dispersal) and Advection:

E, is linearly asymptotically stable under the foliog
conditions:

50F£+D1n_2>_a(’f)ﬁ+ﬁ+ﬁ+az_ﬁ ,
ky (T) a? 2 2 2 2
2 __ a(MH

r,(T) + Dz? > a,a(T)H +

ruH

mN + D3—> +2l o4 D4—>M (7a)
If the above conditions are not satisfied then the
equilibrium point E; is locally unstable.

Remark - By taking diffusion (dispersal) into
consideration it can be seen that the unstabldiledguim
point E; will tend to stable situation under some
conditions.

E, is linearly asymptotically stable under the follogi
conditions:

soH D4 11'_2 a1a(T)P  a(T)H | r11H

alﬁfl
) + 2 + (Hu)Z a2 2 + 2 + 2 +
TZZH M Dy n*  ea(T)P | (rzP+ajaq1PH)
+ vP + (pu)z o > + 2
D3 w? _ ryH aN a1PH Tzzﬁ
'mN+—Nu)zaz> -t a+t +D4 2 T
(r22P+aja,1PH) (7b)

2

If the above conditions are not satisfied then the
equilibrium pointE,is unstable.

http: // www.ijesrt.com

ISSN: 2277-9655
Impact Factor: 1.852

Non Linear
Point E;:

Stability Analysis of Equilibrium

Theorem 8A: If the following inequalities hold:

- (T) " D1 T+ a12P“ S (1+a;)a(7) N %_I_%(rzz " s(l,{lli(’l;)u)
(8.6)
Y+ D, —(Ha;)a(T) + % (ra2 + ayag HY, m+
%ﬁ>%?
Then the equilibrium point E,is nonlinearly

asymptotically stable.
Appendix

Proof of the Lemma6A: From the system (3.1)-(3.4),
we have

d(P+N+T)
=~ <Q—al —(r

(a,H' — )N therefore,

aiagk,)P —

lim;,,(P+ N +T) S% where, 8 = min{a, (ryq —

alaokl) (azHl - H)} assumlng 1”20 > alaokl and
0 sokj
0~
H'=—%8"  where, @ =max{(r,oT* + a,P* —

9
T10), @} @SSUMIiNgyoTY + agP* > 1y,

Hence, P* = N* =T* ==, and the upper bound bff

is its carrying capacity. Hence the system (3314 is
bounded.

Proof of Theorem 6B: Using the transformations or the
perturbations about the Equilibrium poiy-

H= H+n1,P = p‘l‘nz,N = N+n3,T = T+Tl4The
system (3.1) to (3.4) becomes-

Lodng_ S0 o
Tm @ -  m® ny a(T)n2 + ranz — (rzz +
SoHk11 _
o alP) ny (6.1)
1 dn
m dtz - ala(T)nl ]/le - (7‘22 + alallH)n4 (6.2)
L dns _ _ _
Nims ar = % T mns (6.3)
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da

Consider the positive definite function:

Y = {n1 — Hlog (1 +%)} + {nz — Plog (1 +%)} +
{n3 — Nlog (1 + %)} + %nﬁ (6.5)

Differentiating (6.5) w.r.t. t and using the systesh
equations (6.1)-(6.4) and the region of attractibin %
given above, we get-

Z—: < - [{kng) n31 +(1 - cx)a(T)nln2 +y }

_so_nf
k.(T) 3
soH'kyy u) 2} { n3

(rzz + e aPY )nyn, +ang +1y ; +

(122 + ayay Hnpny + ani}]

{kSE)T) n31 + (ry + ax)nyng + mn3} + {

(6.6)

By using Sylverster's criterion we have the follogi
conditions fori—‘t/ to be negative definite if the conditions
given in (6.7) are satisfied.

Hence, from Liapunov theorem we conclude that the
equilibrium point E, is nonlinearly asymptotically stable
under the conditions given by (6.7).
Proof of the theorem 8A:
Using the following transformations or the pertuibas
about the equilibrium point E,-
H(x,t) = H+v,(x,t),P(x,t) = P+ v,(x,t)
LNQe,t) =N +vs(x,6), T(x,t) =T + v,(x, t)

Then the system (2.1) to (2.4) reduces to:

Tt
T’:”deitz - a1a(7')v1 —yv, — (ryy + a1 H)vy —

a D 32
DO Z (8.2)
N:vgddlf = —ayv; —my; — 2224 2T (8.3)
CR 6.4)

Consider the positive definite function:
http: // www.ijesrt.com
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G(t)—f[ —Hlog(1+ )}
{vz—Pl0g< +

+{v3 — Nlog (1 +

7)

bl

"Ule

=2 $

Differentiating G(t) w.r.t. t, we have-
daG V1 dn1
- f (H+v1 dt

Using the system from (8.1) to (8.4), the Poincare’
inequality anda? + b% = +2ab in % \Wwe get-

vy dny
P+V2 dt

v3 dn3
N+vs dt

dv4) dx

f Dy 7  (tapa(T) apyrin
k1(T) (H)? a? 2 2
l soH k11 _ u D, TZZ
2 (rzz + k1 (T) a,P )} {y T Puza
(1+apa(T) 1 D3 w?
T - E (rzz + alallH )} 172 + {m + (NH)Z ? -

(85)

a: r Tl'z
%} v+ (a + D, ;) vﬁ] dx

Here we have assumed in the manuplation that:

O<H'<H<H*“0<P'<P<P“HO0<N!<N
<NYLO<T!<T<TH

Therefore, % is negative if all the coefficients of

vZ,vi,viand v? are positive.Hencé&, is nonlinearly
asymptotically stable under the conditions (8.6).

Conclusion

In this paper, the stability analysis of two fedesib
equilibrium statesk; and E, of the model has been
carried out. From the linear stability analysis tbe
equilibrium pointE; without diffusion and advection it
has been found that the equilibrium paifyt is linearly
unstable but with diffusion and advection it is
conditionally stable. From the stability of this
equilibrium point we conclude that the predator
population will die out and prey population willrsive
and further, from the equilibrium value, it may alse
concluded that prey population level goes down bsea
of the increase in temperature and the plant bismas
decreases if prey population increases. The equifib
point E, is linearly asymptotically stable with and
without diffusion and advection. The equilibriumimio
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E, is also non-linearly asymptotically stable undems
conditions from which we conclude that the prey and
predator population will co-exist but at lower didurium
level due to the effect of increased temperature
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